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Coangidering bath the real and imaginary parte of the dielectric constant ta he intensity dependent, we
have investigaied the self-focusing of a Gaussian laser beam in a plasma. The mechanism or nonlinearity
considered herein is the ponderomotive force or heating mainly determined by <ollisions of electrons with
heavier particles. An equation for the beamwidth parameter and an expression of the axial intensity have
been obtained in the WKB(J)} and paraxial approximations. It is seen that the effect of nonlinear
absorption on sclf-focusing is significant. Clonsideration of nonlincarity in absorption predictz focusing of o
laser beam (under certain conditions) even when the linear-absorption approximation would predict
defocusing of the beamn. The results reduce to the corresponding analytical results reported earlier, when
the intensity dependence of the dielectric constant is neglected. The technique adopted in the present
investigation for solving the wave equation in the presence of nonlinear absorption is equally applicable to

media other than a plasma,

PACS numbers: 42.65.Jx, 52.40.Db

L INTRODUCTION

The phenomenon of self-focusing of laser beams has
been intensively investigated in plasmas!® as well as in
nthar media. 3% In a plasma, the mechanisms responsi -
ble for this phenomenon are (1) relativistic variation®
of the electron mass in a relativistic plasma, (2)
ponderomotive force® and consequent redistribution of
electrons and ions when the time scale of variation in
the laser intensity is much smaller than the energy
relaxation time of the plasma, (3) carrier redistribu-
tion' caused by nonuniform heating of electrons mainly
determined by collisions when the time scale of varia-
tion in the laser intensity ia much greater than the
energy relaxation time of the plasma, and (4) carrier
redistribution' caused by nonuniform heating of elec-
trons limited mainly by thermal conductien in a colli-
sional plasma, '

Most of the available analyses™® of self-focusing of
laser beams in absorptive plasmas consider the inten-
sity dependence of the real part ¢, of the dielectric con-
stant, hut assume the imaginary part ¢; of the dielectric
constant to be a small (¢, < ¢,) parameter independent
of the laser intensity. However, the intensity depen-
dence of ¢; is as strong as that of £, and hence, the
intensity dependence of €; should be taken into account.
In a recent analytical investigation, Yuen' has taken
this intengity dependence of ¢, into account, He hasg,
however, assumed the dielectric constant to be inde-.
pendent of the distance of propagation and determined
only by the initial intensity distribution of the laser
beam. He has thus reduced the problem of self-focusing
to the problem of focusing in a radially inhomogeneous
optical waveguide.® Such an approximation is not valid
in most cases. Apart from this drawback, his investi-
gation is quite instructive and indirectly points out that
the intensity dependence of ¢, can have a remarkable
effect on the phenomenon of sel-focusing.
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We have investigated here the effect of the intensity
dependence of ¢, on self-focusing of a radially Gaussian
laser beam in a plasma, by making use of the WKB(J)
(ldInK /dt| « gK ) and paraxial {p<< f} approximations.
In Sec. I, we have presented the expressions of the
dielectric constant £ when its intensity dependence
arises because of either the ponderomotive force or the
collisional heating of electrons. In Sec, IIl, we have
golved the wave sguation for the electrie field in the
WEKB(J) and paraxial approximations. A second-order
differential equation for the beamwidth parameter f and
an expression of the axial-intensity -amplification factor
¥ have been obtained by employing a slightly simplified
version of the approach adopted by Akhmanov et al.®

“and Sodha et al, ' In Sec. IV, we have presented nu-

merical results along with a discussion.

We infer from the present investigation that the in-
tensity dependence of the imaginary part ¢, of the di-
electric constant is as strong as that of the real part
¢,. The effect of nonlinear absorption, represented by
the intensity dependence of ¢;, on self-focusing of a
laser beam iu a plasma is yuile sigailicant. Considera~
tion of nonlinearity in absorption predicts focusing of
a laser beam even when the linear-absorption approxi-
mation predicts defocusing of the beam. The effect of
nonlinear absorption is most significant in the case of
a collisional plasma dominated by electron-diatomic
molecule colligions {S=2), The results obtained by
neglecting the intensity dependence of the dielectric con-
stant of a radially irhomogeneous plasma are qualita-
tively constant with the corresponding analytical results
obtained by Yuen.’ The technique adopted in the present
investigation for solving the wave equation in the pres-
ence of nonlinear absorption is equally applicable to
media? other than a plasma,

Il. DIELECTRIC CONSTANT:

The dielectric constant of an unmagnetized plasma at
Iregquency w mucl greates than the “effective”™ electron-
collision frequency v is given by™*®

e=1-WP —iVgQ,. C(2.1)
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where
W= 4rNget /muw®, (2.2)
V— Wrylw. (2.3} .

m is the electron rest mass, N, is the electron concen-
tration in the absence of the field, and v, is the elee-
tron-collision frequency in the absence of the field.
P=N/N, (2.4)
represents the field-induced variation in the electron
conceniration N,
=N/ Ny
= PHT/T)5"* (2.5}

represents the field-induced variation'” in the product
Np of the slectron concentration and the alectran-onlli-
sion frequency, 7 is the electron tempetature, T,=T
in the absence of the field, and

{2.6)

depending upon whether the electron collisions are with
ions or neutrals, !*?

h=2 or 1,

(2.7

depeﬁdlng upon whelher the eleclron collisions are with
ions or nondiatomic molecules or diatomic molecules,
We have assumed the plasma to be nonrelativistic so
that the electron mass® remains unaffected by the laser
hesm.

§5==3 or 1 c¢r 2,

It is convenient to use the dimensgionless intensity
I=gE*.E, {2.8)

whare tha normalization ennstant 2 depends upoh the
mechanism of nonlinearity under consideration. It can
be easily shown that

3=arbitrary, (2.9a)

P=1, {2.10a)

¢=1, (2,11a)
in the absence of nonlincarity?-?;

B=e/AmK Ty, (2.9

P=exp(-1), {2.10L)

Q =exp(-bl), (2,11b)

in the case of a ponderomotive force mechanism®?;
and

8=Me*/6m K g Tyt {2.9¢)
P={1+1)8/+ (2, 10c)
Q=(1+088/20(1+320)5/2, (2.11¢)

in the case of a collisional heating mechanism. ! In Eq.
(2.9¢), M is the rest mass of ions/neutrals, K, is
Boltamawun's constant, and ¢ is the electronic charge.

For a slightly diverging/converging beam, the nature
of the radial-intensity profile of the laser beam re-
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mains®? unaltered (in the paraxial region} in the course
of its propagation. Hence, for an iniiially radially
Gaussian beam, [ is given by

I—I,expl—+2 /9752

=] exp{-h,p%), (2.12}
where the axial intensity /, and the beamwidth
parameter

F=ht® (2.13)

vary with the distance of propagation z, but not with the
radial coordinate

¥ p¥a. (2. 14)

Expression (2, 12) is consistent with expression (3,7) of
the electric field E. Using Eqs. (2.1) and (2,12} in the

‘paraxial regioh, we ohtain®

e {r, ~it,) = (€, +it,,) k0%, {2.15)
where
=1 -Wr, {2.16)
eaii VﬂQﬂ’ (2' 17)
€, — WP o, + WD, (2.18)
6, =V,Q. /. + V.0, (2.19)
and we have used the notations
W, =Wip=0), (2.20)
V. = Vi{p=0), (2.21)
AW
sz(d—pz—)(p:m, (2,22)
dV
=l = _23
Vo (dp2)(p 0)!. (2 )
P,=P{p=0
=P(=1), (2.24)
Q,=@p=0}
—qu=1), (2.25)
dpP
P~ (i) (=0
dare
- -1(%4), (2.26)
_{dRN (. _
P (d.o‘) (p=0)
4aQ
= - ay, 2.27
& ) (2.20)

For convenlence, lel us wrile duwa lhe eapressions
of P,, Q,, P,, and @, explicitly (cf. Fig, 1).

P,=1, (2.28a)
9,=1, (2. 293)
P,=0, (2, 303_)
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FIG, 1, The functions P,y A,@, P, and A@; versus logl, in
{a) the absence of nonlinearity, (b} the case of a ponderomotive
force mechanism with £=2, and (¢} the case of 4 collistonul
heating mechanism with $=-3 for €3), 1 for (cl), and 2 for
{c2), A =1 for (a), O, {¢3), and (cl} and 0,1 for {c2}, Ap=1
for (a}, b}, 3), and (el) and —0.1 for (c2),

Q,=0, {2,31a)
in the absence of nonlinearity;
p,—exp{-1,), {2.28h)
Q,=exp(-bl), (2.29b)
P=IP, (2,30b)
Q.= bl.Q,, (2.31b)
in the case of a ponderomotive force mechanism; and
Py=(1+1)°0% (2.28¢)
Q= (1418740 (1 427 }5/2, (2.29¢)
p—(1 ist+i)'rp, (2.300)
Q.= [0S - B)1 +1,)t —S(L+2) M |1,Q,, (2.31¢)

in the case of a collisional heating mechanism.

I1l. BEAM PROPAGATION

When k2> | ¥ 1lnel, a plane polarized electric field in
a cylindrically symmetric plasma isg governed by the
sealar wave eguallont”
#*E 3 JE

E‘Ez p_+q26E=D:

ap " 9p 3.1)

+ 4
o
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where we have used the dimensionless coordinates

t=z/kyy2, (3.2}

p=1/vg, (3.3)
and the notations

g="k;7s, (3.4)

ko=w/c. (3.5)

Asg a boundary condition, we take the initial electric
field to be given by

E(=0)= Ejexpliv - §p°), {3.6)
If the beam diverges/converges very slowly, we may
express the solution of Eq. {3.1) in the paraxial region
in the form!'?*

E=E,expliot —ig [ Kdt+3g -3hp), (3.7
where
K= (e, —ic,)'"?
=K, -iK,, (3.8)
F=4,T 8 (3.9)
h=h,+ik,. (3.10)

Substituting for E from Eq. (3.7) in Eq. (3.1), and
then equating the real and imaginary coefficients!?® of
p° and p? on both sides of the resulting equation, we
obtain four coupled equations. In the WKB{J) approxi-
mation, we neglect the second-order terms in Egs.

(3.7)—(3,10), Moreover, assuming
K, =K,y {3,11}

we may also neglect the terms containing K,. Equations
(3.7)—(3.10) then reduce to

dg,

Kr?é' -»Zh,rz 0, (3. 12)
dg, dK,
+on, + 2, 3.13
Krd% h, a (3.13)
Kr%i'—lxi+hf+q€2,k,:0, (3.14)
K, 4 on 1, —ge, h,=0. (3.15)
ag
Equation (3. 15) leads to
_ s K, fﬂﬁ;.
hi=% TRNT: (3.16)
Substituting for %, in Eq, (3. 14), we then obtain
dz.kr. - 3 g& * 1( 1 _dKr | qEZi dkf
de® 2k, \ dE K, di K, ) dt
2h3 2ge, B Gk g dt \
N Bt A T ok SN 2{ty 2§ —
(e -2 -t - ) =0
(3.17)

Using Eq, (2,13), we then obtain the following equation
for the beamwidth parameter f1
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a2 +( 1 aK, | qe“) ar

d8 \K, dt K,/ dt
{1 g, @S _q de,
~(r - - e ) 3.18)
For an initially plane wave front, we have
fAg=0)=1, (3.19)
ﬂ-) =0 (3. 20)
(d‘i W=m ' '

To solve Eq. (3.18)} in the presence of nonlinearity
(i.e., intensity dependence of the dielectric constant),
we need an expression for the axial intensily I, IL can

be easily seen that
f,=¥1, (3.21)

where the axial-intensity -amplification factor ¥ is given

V=exp(-29 [ K,dt+g,), (3.22)
and the incident axial intensity I, is

I,=BEZ, (3.23)
Using Eqs. (3.13), (3.186)}, and (3.22) we obtain
¥=(K,o/K, ) expl- 2 [ 'K, .28}, (3.24)
where .

Ko=K{t=0) {3.25)
and

K=K, +¢,,/2K,. (3.26)

In the case of a nonabsorption plasma which is homo-
geneous in the absence of the field, Eqs. (3.18) and
(5.26) reduce to®

& 1 dK, & (1 qwW.P,
and
Ki etf = 0, (3028}

For I, <1, (=1/gW, in the case of a ponderomotive force
mechanism), fincreases {i.e., ¥ decreases) monotoni -
eally with ;. For gW_ > (gW,}.. [— exp(l} in the case ul a
ponderomotive force mechanism]},- the equation

PAI,=I,)=1/qW, (3.29)
has two roots for I,,, say I ,, and {,, ,. For [;=1I,, or
Igw f=¥=1forall ¢&. Forl,,, <l <i,, f.e., ¥
oscillates periodically with £, between itg initial value
of unity and a minimum value f_,. <1 (i, e., maximum
value ¥, >1), For I, <], <I,, or I, >1, ,, fli.e., ¥)
oceillates periodically with £, between the initial value
of unity and a maximum value £, =1 (i.e., minimom
value ¥, <1),

In the case of a nonabsorptive plasma which is radial
ly homogeneous but axially inhomogenoous in the
absence of the field, Eqs. (3.27) and (3.28) remain
valid. However, explicit ¢ dependence of X, and W,
leads to growth or decay of variations in fand ¥ de-
pending upon whether W, decreases or increases with
£; the foregoing WKB(J) analysis becomes invalid in the
vieinity of the resonant layer and beyond, where
w, P, =1,
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In the absence of nonlinearity in a2 medium which is
radially inhomogeneous,® Eqs,. (3.18) and (3.28) re-
duce to

22 +( 1 dE, aqvﬁ) of

a¢ "\K, dt K, jat
_{ 1 aW.f _ a*Vif® g 4v 3) 3.30
_(K’:f“ TR T 4K T 2K, dt s .30

and

Kisff:K.!"'Vafz/ZKf- (3.31)

In the absence of axial inhomogeneity and when dV,/dt

=0, the beam IocuBses or detocuses depending upon
whether {¢W, +3¢*V?) is > or <1, and the variations in
f grow or decay with ¢ depending upon whether V, < or
>0, This case has been extensively investigated, most-
ly analytically, as a part of fiber optice® and alco as an
approximation to the self-focusing in a plasma.” Analy-
tical results” predict that the oscillations in / are
periodic i dW/di=V,=0, even when K,#0. Equation
(3.30) is consistent with this analytical result. Occur-
rence of any term containing K, in Eq. (3. 18) would
have made the equation inconsistent with this analytical
result. (cf. Figs 2 and 3).

Under the linear-absorption approximation’® in the
case of an absorptive plasma which iz homogeneous in
the absence of the field, Eq. (3.27) remains valid, but
Eq. (3.28) is replaced by '

Ki ef!‘:K-i(E :0, Qu: 1}
K. (3. 32)

The effect of linear absorption is (1) to decrease the
value of {¥,., +¥_ .., ...) monotonically as ¢ increases,
(2) to enhance the rate of monotonic rise in f (i.e., fall
in ¥) when I, <I;, (3) to render self-focusing of a lager
beam impossible even when I =1, initially, and (4) to
damp out the variations in f and ¥ until the value of ¥
becomes 50 small Wal f starls increaslog (l.e., @
starts decreasing) monotonically with £, In the last
mentioned effect, the number of oscillations in f that can
occur (before f starts increasing monotonieally) in-
creases as the incident axial intensity 7, or the seale
length (¢K ;)" of absorption is increased.

In the case of a nonlinearly absorbing plasma, which
is homogéneous in the absence of the field, Eqs. (3.27)
and {3.28) are raplaced hy

2
a2 +( 1 dK, +qVGQ2)d_f

dg? \K, dr K, ]dt
1 _aW,P, _a*ViQis 4V, de,
:(Kdﬁ - - e f) (8.39)

and
K=K, +V,0,/2K,. (3.34)

Thug, we {ind that the effect of nonlinear absorption is
{1) to increase or decrease the net absorption rate, {2)
to increase or decrease the rate of £-dependent varia-
tion in f and ¥ depending upon whether K, _,, is >or
<K, and (3) to make focusing of the laser beam possi-
ble even when the linear-absorption approximation
would predict defocusing of the beam, (cf, Figs., 4—8),
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FIG. 4. fand Alogy versug #/A in the case of a ponderomotive
force mechanism with =2 for 1,=0,1 for (a}, 1 for ), and 10
for {e); g=900, W=0.1, V0,01 for (a), ¥.1 for (b}, and 1 lor

(¢}, a=1 for (2}, 0,1 for (b), and 10 for (c); A=1 for (a)

and (b) and 190 for {e},

In the case of a nonlinearly abscrbing plasma, which
is radially homogeneous but axially inhomogeneous in
the absence of the field, the right-hand side of Eq.
(3.33) is reduced by a term {7/2K YAV /A£)Q. f, whare_
as Eq. (3. 34) remains valid. Explicit £ dependence of
K., W, and V_ inereases or decreases the rate of the
aforementioned absorption-induced damping in the
variations in f depending upon whether W, increases or
decreases with &,

IV. RESULTS AND DiSCUSSION

Figure L shows the dependence of the functions P,
€., P, and @, on the axial intensity 7, in the (a) absence
of nonlinearity, " (b) ease of a ponderomotive force
mechanism, ! and (¢) case of a collisional heating
meochaniom.! Figure 1 i3 very helpful in determining
the extent of focusing and absorption of the beam and
growth/decay of variation in f, Figure 1 shows that the
intensity dependence of the imaginary part ¢; of the _
dielectric constant is as strong as that of the real part
€., and hence the linear -absorption approximation is
doubtful. In the case of a collisional heating mechanism
with § =2, ¢, is intensity independent, whereas &, and
Q, (which occur in the expression of ¢,) increases and
decreases linearly with { . '

We have solved Eq. (3. 18) for the beamwidth parame-
ter f by using the Runge-Kutta method and evaluated the
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FIG, 7. fand logy versus £/A in the case of a collisional
heating mechanism with $=1 for f;- 0.1 for (@), 1 for (b}, and

10 for {c); =900, W=0,1, V=0,001 for (a), 0,01 for @), and
0,1 for {e). A=1 for {a) and ¢ and 0, 25 for ic).

axial -intensity -amplification factor ¥ given by Eq,
{3.34),

Figures 2 and 3 represent the variations of the beam-
width parameter f and the axial-intensity -amplification
factor ¥ with £ in the absence of nonlinearity,” Figure
2 is fur such a large value of W, that f <1, whereas
Fig. 3 is for such a small value of W, that > 1. In both
Figs. 2 and 3, we have considered three typical cases:
{a) absence of hoth ahsorption and axial inhomogeneity,
(b} radially increasing absorption without axial inhomo-
geneity, and (¢} axially increasing concentration without
absorption. The results presented here are consistent
with the analytical result,”'® It is, moreover, seen that
decay in the variations in f can occur because of axially
increasing concentration, as well as because of radially
increasing absorpiion,

Figures 4 and 5 represent the parametric variations
of f and ¥ with £ corresponding to the ponderomotive
force mechanism' in a plasma which is homogeneous
in the absence of the field. The value of V {which deter-
mines the magnitude of absorption of a laser beam of a
given intensity) has been taken to be larger in Fig. 4
than in Fig. 5. These figures confirm the effect of
absorption discussed ia Sec. III In addition, it is seen
that (1) stabilization in f does not necessarily imply
gtabilization in ¥ and (2) (=df_ . /dt) = (-df_,,/dt) and
(—ad¥_../dE) = (-d¥,,./dt) when the variations in f {and
¥) damp with £.

. Figures 6 —8 represent the parametric variations of
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I'IG, B, fand logy versus /X in the case of a callisional
heating mechanism with § =2 for 7;- 0,1 for (@), 1 for (b), and
10 for (e); 4=900, W=0.1, V- 0000 fae (a), 0,001 for (),
and 0.01 for (e, A=1 for (@) and (&) and 0,01 for (o),

Fand ¥ with ¢ corresponding to the collisional heating
mechanism! with S= -3, T, and 2, respeetively, in a
plasma which is homogeneous in the absence of the
field. Results in the cases of Figs. 6 and 7 are similar
to the results in the case of Fig. 5; this is expected
from the similarity in the expressions of P, ., P,,
and @,. I'he effect of the increase in the value of S is
seen to be quite appreciable; it (1) reduces the number
of oscillations in f that can occur before / starts in-
creasing, (2) distorts the pattern of oscillations in f,
and (3) increasecs the values ul K, ¢ 50 that ¥
approaches zero more rapidly. Resulls shown in Fig. 8
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arc even more interesting, The linear -absorption
approximation predicts defocusing of a laser heam of
any value of the incident axial intensity f, when §=2,
Consideration of nonlinearity in the absorption, how-
ever, predicts focusing of the beam if , fulfills certain
conditions, These effccts are obvious fraom the varia-
tions of ., Q,, P,, and @, depicted in Fig. 1,

Wa thue conelude from the prusent investigation that
the effect of nonlinear absorption on self -focusing of a
laser beam in a plasma is very much sipnificant, A
laser beam can become focused even when the linear-
absorption approximation®* would pradiet defocusing of
the beam.
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