Average field of a laser beam self-focused in a turbulent plasma
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This paper presents an investigation on the spatial variation of the average fickl of a lascr beam
which is self-focused in a plasma having random fluctuations in its electron concentration. The
analysis is valid for the arbitrary mechanism of self-focusing nonlinearity, for nonlinearly
absorbing and nonuniform plasmas, and for elliptically Gaussian laser beams. The Novikov-
Furutsu formalism has been followed to derive a parabolic equation for the average field, and the
Akhmanov approach has been employed to solve this equation. It is concluded that the plasma
turbulence tends fo reduce the ficld intensity as the laser beam penetrates turther. The self-
focusing-induced oscillations of the beamwidth parameters and axial intenisity become
considerably aperiodic in the presence of turbulence; aftera sufficient distance of propagation, an
availlating beamwirth parameter {axial intensity) starts increasing {decreasing) monotonicaily.

PACS numbers: 42.60. Kg,42.65.]x,52.40.Dh.84.40.Ed

|- INTRODUCTION

The subject of laser-beam propagation in plasmas is of
great practical importance from the point of view of atmo-
spheric communication' and thermonuclear fusion.” Itis
well-knowr that a laser beam can modify the parameters of
the medium in such a way that it would self-focus ™ in the
course of its propagation. It is also well-known that the plas-
ma medium can exhibit turhulence which is eharacterized by
random fluctuations in the electron concentration.® The si-
multaneous consideration of s¢lf-focusing and turbulence s,
{herefara, eseential in dealing with the laser-beam propaga-
tion in plasmas. The atmospheric plasma researchers L& have
not considered the effect of self-focusing on the laser-beam
propagation through turbulence. Recently some fusion-plas-
ma researchers’ have investigated the effect of turbulence on
the laser self-focusing: howcvcr, sines they have treated the
turbulence as a perturbation, their investigations are valid
only for a very limited range of turbulence.

In this paper, the spaial variation of the average field of
a laser beam propagating 1n 4 plasma has been investigated
by taking both the sell-focusng snd teebulence Into accouit.
In Sec. 11, the expression for the dielectric constant of a tur-
bulent plasma and it series expangion, valid in the paraxial
region, have been presented. Though the ponderomotive-
force mechanism has been considered for the purpose of il-
lustration, the analysis is valid for the arbitrary mechanism
of self-focucing nonlinearity. The plasma is allowed to be
tonlinearly absorhing® and radiuily® or axially” nonuniform,
and the transverse intensity profile of the laser beam is al-
iiwed (o by slfiptically Gaussian.™ In Sec. 11, an equation
for the average ficid of the laser beam has been derived by

fallawing the Novikov-Furutsu formalism: it has been as-
sumed that self-focusing nonlinearity does not distort the
“qualitative form™ of the turbulence, so that the Novikay-
Furuisu formalism rcmams vahd even in the presense of
n.(mlinearily. By defining the effective components of the
dielectric constant, the above-mentioned equation has been
reduced to a form simiiar to the one encountered in NA.
(The abbreviation NA denotes reference® to the paper “Ef-
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fevt of nonlincar absorption on self focusing of a laser beam
in a plasma”. Apart from some modifications related to the
plasma turbulence and clliptical cross section, the notAnuNs
used in the present investigation are the same as those 1n
NA ) In Sec. TV, the average field lias boen exprossed tn
terms of the heamwidth parameters®'® (along the x and »
axes), which are governed by second-order ordinary coupled
differential equations. Tn Sec. V, certain typical sets of pa-
rameters (in therr normalized form) have been chuseu and
the corresponding numerical results have been presented.

It is evident from the present investigation that the plas-
ma Lurbuicnce tends 1o reduce the ficld inlensity as the laser
heam penctrates further; unlike tn a linear case,' 1t is not
possible in the present case to define an absorption coefli-
cient related to the turbulence. The self-focusing-indueed
oscillations of the beamwidth parameters and axial intensity
hecama considerably aperiadic in the presence of turbu-
lence: after a sufficient distance of propagation, an oscillat-
ing beamwidth parameter (axial intensity) starts increasing
(decreasing) monotonically The first foral length (e, the
minimum distance at which the beamwidth parameter at-
tains a local minimura value) incraases as the Jeve] of turbu-
lence is increased. A periodic oscillations foliowed by mono-
tome ti88 {fuli) of the beamwidth parameter {axial intgnsity)
are caused even by nonlinear absorption or axial inhomoge-
neity of the plasma. For ap efliptically Gaussian laser beam,
the beamwidth parameters along the x and y axes vary differ-
entiy, and thereby the ellipticity of the laser beam cross sec-
tion varies with the distance of propagation,

1i. DIELECTRIC CONSTANT

The diefectric constant of a turbulent plasma at 3 fre-

que;my « much greater than the collisicn frequency v is giv-
€n by

€ =€, — €, (2}}
. =1—WP-iiQ, 22
€, =W%# 4+ iV, 2.3
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Asin NA,
W 4m{N, e/ maw’, 2.4)
V - dn{Novphe fmo’, £2.5)
P= (N )/ (N, (2.6)
Q= {(Nv}/{Nw,), {2.7)
A= (N—(N))/ (N}, (2.8)
D ANy — (N} )/ (N, 2.9

where ¢ i the ¢lectron charge, m is the electron rest mass, &
is the electron concentration, v is the electron collision fre-
quency: N, zad v, are ¥ and v, respeciively, in the absence of
the field; { ) denates the ensemble average of the quantity
within the brackets. Note that ¢ and 7 denote the luctuat-
ing components of ¥ and Nv, respectively.

The fanctions £,(, %, and ./ depend on the normalized
(dimensionless) field intensity

I=2{E";.
Since the laser ficld is alvonust cobicreni (e, woherency
>0 8). the defimtion (2.10) may be written as

1=B (B’ @1

In order to sumplify the analysis, 11 will he assomed that the
tield-induced redistribution of the plasma particles is not ac-
companisd by any significant nonlocal or nonstationary pro-
cesses. Then the fluctuating components of A and Vv vary
almost proportionally with {N ) and {Nw}, respectively.
Hence

PP (2.12)

2 =2.0 (2.1%)
where &, and &, are & and 2. respectively, in the ab-
sence of the field.

The aim of this analysis, in the present investipation, is
to be valid for the arbitrary mechamsm of self-focusing non-
iinearity, As an illustration, however, a particular mecha-
nism may be vonsidered. 1ot the taser and plasma sysiem be
such that the redistribution of electrons and ions of the plas-
ma (assumed to be fully ionized) s caused by the pondero-
motive {oree. In this case,

(2 10)

B = e*/4mK , Tyo", (2.14)
P—exp{ 1T} {2.15}
Q=expi - /), (2.16)

where K, is the Boltzmann constant, T, is the plasma tem-
peraturein the absence of the field. and & = 2 or | depending
upon whether the electron collisions are with ions or
nieutrals.

The Akhmaznov approach 1o be employed in Sec. IV
requires the Maclaurin senies expansion of the dielectric con
stant. Following NA, for an initially elliptically Gaussian
wser beam, 115 assumed to be given by

I=1I, exp( —X/x3 £ ~ P/ f7)

Ly e — g ¥ — B 7). 217
The axial intensity 7, and the beamwidth parameters
fo=h, " {2.18)
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vary with thie propagation distance z, but not with the tians-
verse coordinates

(LEYurﬂ! (2"19)
whore a stands fur 1 and p. The paraxiai region 1s character-
1ze0 by the inequality

v, . 2.2
‘I his inequalily justifies the neglect of higher-order terms in
the Maclaurin series expansion of the dielectric constan!.
The first-order expansion leads (o

e fe i)
Sl b M, Vs {2.21)
e: o (f.,“r -* f.(mr')
+ z (frm- 4 e i }huryr?x - {2'22)
The notations used here are ax tollows {ef,, NA):
Eur — i - WJIJH‘ (‘: :3)
€. Y@, (2.24)
e\rlr b l'y:r Pu /h ar - H.-.-: }i'.” (225)
€. 'Il".u Qa /htrr + VnQ?: (2 ?6)
Gmr = W-i‘ - fu Pu ' (22?)
& T I ‘gjl,ﬂ Qr.: M (2‘28)
€ = (W o0 AW, P P70 W 7 P (2.29)
fkn = {Vu 91.;} _‘ I” '-.: iar }Qd:l /hﬂ'r' + Va ‘Q)f.u Q?: (2'30}
W =W (x=y=0), (230
w, (%) , 2.3
1 L}:’}: x v
and similarly for W replaced by V. .72, &,
P,=Px=y=0)
=P = 1), (2.33)
P\
= (“'— /k,,
ayi i ow =)
. ( ar, )
— “ . ) 310 1 (2.34)

and similarly for £ replaced by .

M. EQUATION FOR THE AVERAGE FIELD

When k> |V’ Ine!, the electric field of a plane-polar-
i¢cd laser beam i a plasma is governed by a scalar wave
equation.® It is more convenicnl to write this sgvation in the
form adopted m NA, ag follows-

FE . PE

o # ) -
e o EE = 0 -1 .|
awi 2y e w0
E w2/ Koo, (325
v, =/r, (for a=x and ), (1.3)
g=kyr, (3.4)
A =i (31.5)
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Tne boundary condition for Eg. (3.1) is given by
E(%d — 0) == F‘U exp(imt — Z }/“, r.;', f'.if:.‘:_).

where ay{ ==x, and Fyp) is the initial beamwidih {along the x
and p :ixes, respectively).

Lo terms of the complex-valued amplitude envelope A
and th: pormalized wavenumher

ko€l (3T}

{3.0)

the solution of Bq. (3.1)1s writren as

E=4 exp{;:mt : :'qJ'

Ll

kd‘é'). (3.8)

It has been assumed here that e, €¢

s LT

prosirpation, A 15 governed by
4 N :?ﬂ‘jf‘.!_. . dk

I the WKBY ap-

- quk ------ - : g - A
ar e g Mar
‘??t[f‘:-\_.ar_u | E{ruu U P 1‘4
{ -
— g€, A = 0. {3.9)
Ensemble average'© of (i< cquation grves
i Fov | dh
— gk = gy —e——ig ¥
IZF Ve dh
- q"[:’cm + YA, i kv 1
g (e Ay =0, {310y
witere
(A4 {3.11)

Unless stated otherwise, ihe posinion coordinates of o quanti-
iy will be taken to be A andy. whetey - {700 )

Tt will be assaed that the 1 bulonce 15 microscopic as
vompared to the inherent or induced nonuniformity of the
ali~ma Then a local analysis rearding the effect of turbu-
teace & pustified. If the fluctuation g, is locally a Gaussian
random Yaiigble. the eorrelation function (frlf- YYE

1 A LY Y S A
¥ ’.v')) cuffies to describe il the properties e | and foca!
;y depends on the differences - Saady ¥ Then the
average {¢ 11 may he expressed by the BNovikov-Furntsu

formula”
{e,A}: J J J (e (A .5y D

< ﬁ(iﬂl)—) d;ﬂ'd}/: d}/:_ REps
Sfr [l)l’l‘Yf}

where 84 /8¢ denotes the lunctional derivative of A with

respect to €. 11 the theetuatton €, is axsiimed (o he delfa-

eprebaed ahore the direction of propagaiion. then

(6,05 e (A

(4 - AIBE MY YV YT {114
fae presence of A and Wy + ¥')in the arguments ut'!_ichar-
avterizes the ocu! approsiianion ciployed here. Using Ey.
{3.4), neglecting the bau Lcatboring induced by the fluetu-
ation €,, and assamung that the self-fociestny nonhineariey
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does niot tead to any qualitative changes in the form of the
turbulence, it can be shown® fhai

S4(% v} _ 59

Be (857 = Ebw YA (E ). G.14)
The Movikov-Furutsu formula (3.12) now reduces to

6,4 — (gh, /4K )i . (3.15)
where

By=B (& vry - v — O 3.19)

Equanon {3.113, with {e,4 ) substituted from the expression
{3.15), becomes

., O PA . dk
— gk —— -+ g W
T z y Tan

- qllif\'m' + 2(6\|1r + e .-,«)hnr}’.-:.-

L. P (3.17)
4

in the paraxial region [characierized by Eq. (2.20)], B,
may be expressed as

By (Byar + {By) + 2 (Boe + iBoi M I (3.18)
whert
I/ R AR S L ST (1.19)
B 2BV 0 e, L YR, (3.20)
By, MWW (7 3 W (P, WP /h,
Vb s s, W, N0,
f WAL WER V000 (320

Bo, =WV, + W V. 700
¢ H'“ Vr:((‘y.’.i'.u "‘)) I.rr) +- ( !u"“,) fu ))I Pﬂ Q 'J'hur
W RO 2 P8 + P2y

(3.22)
L,'-mng the o:xprcssion {4 ing Fat 1T may be wrillen as
g N db g B y
z_iqk R i f; }_{ _._._.:— . —— k;_ ST
R - J}f . d? 4

@y D ViYL =0 AR

The effective components of i drelectric constant 1iro-
Juiv o here are defined as

C e bRy %k, (3.24)
e =, uB /4K, 3%
fvn! =€, 7 i.l';h‘w.- ‘/4’(' {1_26)

V. SOLUTION FOR THE AVERAGE FIELD

Equation (3.23) s simular toiis counterpart i NALThis
siiarity suggests that 1is solution stay be exprocad as

o oexplig s VY RV Ry

where
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B —=Z, - fg”

(4.2
k= h, ik, G "4;
Foliuwing ihe technig ed A, i o
e jue used 1n NA, it ean be showp that g
g = in{’ x——Mk # =0 )
S V-
("
i) (et Re N ey @9

and that i, obevs the second-order ordinary differential
equations

rf’.z_&‘" & (dhnr )z
4%¥?  2n, \ d¥
( 1 dk e )dk..,
+ e ——— + ——— [P
kdb kS d¥
-{- ( thff het'(lfh}u q':e_:“.huf
K AT
ah, de. . )
I il Y} 4.3
kK d¥ @

The following boundary conditions have been assumed 1n
wrinng the expression (4.4)

f 8 =0 =ay/r, {4.6)
(df.:: /d%))(f m ={ H'-,)

written in terms of the beamwidth parameter £, Bgs. (4.5
become

d’f, (1 dk fﬂ)ffi
BV AR

ds’ 4%
“\kyL kY, W
_{‘f_fi_e;“_".) (4.8)
W dF

Being nonlinear, Eqs. (4.5) or {4 8) have to be solved along
with a simultancous evaluation of the axial inten-

sity £, which is given hy
(49
{419}

I, =1, expg;

From the expressions (3200, (3.2D), and (4.4), 1118 clea‘r
¢hat the plasma tacbulence tends to damp'_ i the field intensi-
tv. The presence of the self-focusing nonlineanity compli-
catey ihe manner in which this damping 1akes place; thus,
unlike in a linear case, the field intensity in the ;_»raer.n case
may not JAmp monstonically with the prppngmm disrance
#.The € dependence of the axial intensity I, is sclf.»conm-
tently coupled with the # dependence of tl%e heamwidth pa-
rameter £, In the case of a radially Gaussian taser heam,
f, =fthe peamwidth parateter f'is goverml.‘d by Eq {4.8).
The behavtar of f has already been Jiscussed in det)ml inNA

1n the case of an elliptically Gaussian'" beam [f{(% =) 9; fy‘

{# = 0)) the beamwidth parameters J, VaTy d‘ﬂercn:y,d};

their variations with % are coupled to each other. T] his ! ]: ‘
ference in the variations of f5 (for@ =% and yyimp ies

sgs 4 Apoi Pnys. Voh BT O 5. May 1980

the ellipricity of the las
; o er bram cross section vari
propagation distance & . b e

V.NUMERICAL RESULTS

In order to understand the quantitative behavior of the

average freld of a laser beam self-focused in a turh A%
ma, Egs. (4. %) havg fic urbulent plas-

: ¢ woen solved by using the Runge-Kuita
method.'! tnstead of adopting the sets of parameters from
some particular experimental investigtions, they have been
»0 chloucn t.hat 'thcy can illusirate the conclustons of the pre-
sent investigation point by point. However, carg has heen
?a.ken o sciect only those parameters which can be realized
in Lypicai experiments,

Kesubts of the numerica! analysis carried out have heen
presented in Figs. 1-3 in the form of praphs of f (or £, Yand e,
versus %' Figure | {fur which /, = Qand ¢ = arbitrary niiha-
trates the effact of turbulence on the linear propagation; Fig.
2 iHlustrates the ¢ffeer of turbalence on the self-focusing phe-
nomenon in an ideal case; Fig. 3 (for which ¥ = 0.000 08)
illustrates the effeci of turhulence on self-focusing in an ab-
sorbing plasma, Fig. 4 {for whick W 0004 (1 +0.4/4%]
Alustrates the effect of turbulence on self-focusing in an in-
homogeneous plasma; and Fig, § (for which 2.

(r =0 =fF=0/2=1 lustrates the cffect of terbu-
lence on self-fucusing of an clliptical beam Fxcept for the
parameters mentioned in brackets ahnwe, the parameters
nave been fixed as follows: 1, = 0.2, ¢ = 2500, ¥ =10,

W= 0.004, and f, (¥ =0} = f(# =y = | In each figure.
there are four graphs corresponding to four different levels
of the plasma turbulence. { /] ) = Oforthe graphs labelled

4,0.008 for B, 0.01 for €, and 0.02 for D. {2y and { ¥,

L e ———— —-

| ‘l

\ NG |
ha :-3:-

& r -
T |
/”',|
‘T e
‘. T |
T A |
al L
1 /,..
L j
i |
&

14 1. Effect f turbulence on the Tinear pmpug:uic\.n..!.,. l._]-' ] .a‘ar‘r]n-r "

G W 0004 £, 14 = oy - pr O BT NESTES
. N T o . —

0005, (€) 081, and {0, arbiiary. a7y Pl ~ grbitiary
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FIG. 2. Effect of turbulence «m the seif-focusing phenomenon. £, = 0.7
g SOV =0 W= 0004 £, (4 - 0) S Db B0t (A

— arhitrary.

., ) are arbiteary except in Fig. 3, in which (27 ) = (&
2,y =0for A, (D) ={#,:2,)=0005for B, L{2})
=4 A, 2,y =001 for C.and (23y={(#,7,.)
=0.02 for D.

The main conclusions drawn from the numerical re-
sults presented in Figs. 1-5 are as follows:

{1) T« the case of linear propagation, the beamwidth
parameter (axial intensity) increases (decreases) monotoni-
cally with the propagation distance.

{2) Tn the rase of linear propagation, the plasma turbu-

ence does not affect the beamwidth parameter, but reduces

the axial intensity of the laser beam.

{3) For the initial axial intensity 7, chosen inbetwecn
the lower amd uppe: sell-Lrapping intensitics (scc NA), the
laser beam undergoes periodic {ocusing in a quiescent ideal
plasma.

{4) The periodicity in the oseiliations of the beamwidth
parameter and axial intensity is destroyed by the presence of
turbulence, absorption, or axial inhomogeneity. Afier a fin-
ite number of aperiodic oscillations, the beamwidth param-
eter (axial intensity) siarts increasing (decreasing)
monotonically.

(5) The number of aperiodic oscillations, after which
the beamwidth parameter starts increasing monotonically,
decreases with the level of imrhnlence, ahsorprinn, ar axial
inhomogeneity. For a sufficiently high level, the monotonic
variation may start from the very beginning.

(6) If the beamwidth parameter undergoes oscillatory
focusing For some initial distance of propagation, the fivst
focal length (i.c., the minimum distance at whick the beam-
width parametsr attains a local minimum value) and the

iy J. Appi. Phys., Vol 51, No &, May 1980

9r

I
o

FIG. 3. Effect of turbulence on self-tocusmy in a nonlinearly absorbing
plasma. [, =0.2;¢ - 250 ¥ - 000008 W= 0.0M: £,

(4 Uy - 004 Dy=1;{2]) = (A}0, (H) 0,005, {C) .41, (D) 0.0
(23 = (AY0,(BYRO0S, (€014, (D002 {7, 2, ) - (AID.TBIN.NOS,
(<) 0.02, (TNOO2.

value of the beamwidth parameter at the first focal length are
increased by the plasma turbulence or by absorption of the
laser radiation. On the other hand, they are decreased by the
axial inhomogeneity having d# /47 > 0.

.75

9r

a0l e A |

FIG, 4. Effect of wurbulence n self-focusing in an axially inhomogeneous
plasma. £, - 02 ¢ =2500; F - Oy W G4 {l | G476

(8 = O =0 - 13+ (AN (RML0D5,(C)D.0L, and (DYD.02:
{7 ) =arburary: { A, 2, ) - arbiirary.

M.S. Sodha and L.A. Patel 2385



&.4 —-

P B
et -
e TR _
5.0k e T e
e T
e e
"
Bﬂg i 1 L
o b3 [ BT 8
1

FIG. 5. Effect of tuthulence om seif-focusing of an ellipticat heam. /, = 0.2;
g= 230 V=0, W=0008, 2 (4 = Fl2 =002 1 (73}

- {AYE, (B)0.005, (C) 0.01, {D}0.02; { #,} = arbitrary, { ., 7, }

= arbitrary.

(7) If the beamwidth paramcter undergoes oscillatory
focusing, extremes of the beamwidth parameter (axiat inten-
sity) go on decreasing (increasing) with the propagation dis-
tance in the presence of axial inhomogeneity having
dW /de' > 0. This charactenistic mgy nol be evideut in the
presence of turbulence or absorption.

(8) Like the collisicn-induced abserption, the plasma
turbulence tends to reduce the field intensity as the laser
beam penetrates turther.

(%) Unless the leve] of turbulence is sufficiently high, the
effect of turbulence is generaily nof so evident for some ini-
tial distance of propagation.

{10) If the laser beam cross section is elliptical {i.c., the
initial vatues of the beamwidth parameters along the x and ¥
axes are different), then there is a remarkable difference be-
tween the variations of the two beamwidth parameters {and
consequently the ellipticity' ' of the laser beam cross section
varies with the distance of propagation). in the case consid-
ered in Fig. 5, for example, f, starts increasing monotonical-

ty from the very beginning, whereas f, decteases hefore start-
ing to increase monotonically.

{11} In the absence of turbulence, the existence of a
local minimum of any of the two beamwidth paramelers im-
plies the existence of a kol mamimum of the axial intensity.
This may not be so in the presence of turbulence.

(1 Forf (8 =0 <f (8 = Q). f, increases. whereas
{. decreases with the level of turbulence, for a given value of
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# in the region of monotonic rise of both the heamwidth
parameters,

The analysis in the present investigation is in terms of
normalized (dimensioniess} quantitics. This choice is not
only convenient, but also theoretically more sound. A nu-
merical analysis in terms of normalized quantities deals with
the minimum number of initial data, and hence it has a
broader scape than 2 enrresponding numerical analysis in
terms of absolute (dimcnsional) quantities. While correlat-
ing the present investigation with an experiment, it becomes
necessary ta convert the presented normalized parameters
into the required absolute paramcters. As an illustration, it
may be necessary to find out a typical set of values of the
abgolute parameters which correspond to the set J, = 0.2,
g = 2300, W = 0.004 of normalized parameters mentioned
obove. If w = 10"/s50c, and T, — WY °K, wlicn ryy = intitial
beamwith = ¢'c/e» = 0015 cm, £ = dmk, T, o’

I/e? = 4.5x10" erg/cr®, and N, = W mar’/dare”
= 1.2 10" /cm”. Note that these values for the absolute
parameiers are realizable in an experimental setup.

In the graphs plotied in Figs. 1-3, the characteristic
scale lengths of the vasiations of the beamwidth parameter
and the axial intensity are larger than #° == (1.1. For the value
(25007 of g choyen in the present numerical analysis,

# = 0.1 means z =250/k, = 250 times the vacuum wave-
length. Thus the WX BJ approximation employed in the pre-
sent investigation is justified.
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