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EXTENS'ON OF THE PRINCIPLE OF MATHEMATICAL INDUCTION
MR, LAuT A. Pater Department of Physics

Abstract : Principle of mathematical induction has been explored over
the sets of all integers, all rational numbers, all real numbers and all complex
numbers. This has been done as a natural extension of the known induction
principle for the set of all positive integers.

Principle of mathematical induction valid over the set N of all positive
integers fcllows from the N formation principle i.e. Peano’s last axiom.

Lemma {: Let Kcl,+={a a+1l,a-+2,.........} where a is
somc specificd integer, K — Ig+ ifaeKandifkc K - k | 1K,

Proof is an obvious extension of N formation Principle based on the concept of
well-ordering of a set.

Tewma 2: Let K C Ip-={ 6,6-1, b=~2,......} where b is some
specified innteger, K =Ip- if bz Kandif ke K— k-1 K.

Procf: Ip— is a down-well-ordered set; by down-well-ordered set we
mean a set each nonempty subset of which contains the greatest element.

Suppose L = Ip— - K is nonempty.

b1y andalso & ¢ K, Hence b does not belong to L. L being a subset
of a down- well-ordered set, contains some greatest element say g,

obvirusly g < oy =—— (g + 1)< 6. Hence

(g--1)&1- But (g+ 1) does not belong to L. Hence (g + 1 )e K.

Hene (s 3+ 1)-1=gc K,

But :his vontadicts with g eL.

This implies that our supposition is wrong, i.e. L cannot be nonempty, i.e.
K =1y~ :

Theerem 12 Let K I — set of all integers. K — T if at least one
integer say a:K and if keK——k + 1 K. :

Corcilars 1: A proposition is true for all integers if it is true for at least
one integ.r sud if whenever it is true for some integer k, it is also true for
integers k L .

Ind ction principles being direct consequences of the corresponding forma-
tion principles, will nowonwards be omitted.

Corcllary 2: Let KX = {x;}whereial. K = X if for at least one

mel, x, s K and if xpz K—— xk:t.leK.
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Theorem 2 : Let K CQ = set of all rational numbers. K = Q if at least
one rational number say ‘;,i 2 K and if
- t

k, ¢ I L A
Where d, k a1 and d,, &, e N.
Proof : According to the given conditions, numerator of the rational

s K.

number ‘;i can be changed to get at least one integer say ez K,
1

Now -kisK-—-—-r e K.
1

_£
k41
Therefore according to N formation principle, all rational numbers of the

e
form - ° K where m z N.

Now —k—sK——r kel z K.
m m

Therefore according to I formation principle, all rational numbers of the
i e
form ﬁ e Kwherejel,
But this means that all the rational numbers e K, i.e. Q C K. But K < Q.
Therefore K = Q.

Theotem 3 : Let K & R = set of all real numbers. K = R if at least
one cal number say p & K and il there caists at least one positive real uumber &

such that & ¢ K —-— the open interval (k-h, &k + 4) CK.

Proof :—We can take another positive real number A, < £ so that
k £ K —= the closed interval Tk-h. K+ /A1 & K. p & K. Hence
[p~h,p+Hh]CK

Hence p 4- b, & K.

p+hISK——v[p,p+2hl]dK ------- el

(p+nrhy-b,p+nh+h] CKwhereneN,

Similarly p ~ by e K — [p—nhy - by, p -~ nhy -+ by ] QK. All these imply
that R © K, ButK SR, Hence K =R.

 Theorem 4: Let K < C = set of all complex numbers. K = Cif at

least one complex number € K and if there exists at least one positive real number

hsuchthatk + ik, e K —~ I—f-xkl,k—l-:Ingwherela{k h,k + h)and
he(ky-hk+h)

Proof is by lemcographlc method as used in theorem 2, and theorem 2, and
theorem 3 is to be applied.
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Renrarks :

The principle van be geusralized to any space in which a coordmate frame
of appropriate number of dimensions can be adjusted : directly or after sterco-
graphic projection. Here we take lexicographic approach by applying corres-

sonding formation principle to each dimensional axis which is isomorphic to N,
TorR.
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